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Justify all your answers. Good luck!

1. Provide justifications for whether the following statements are true or false.

(a) Suppose (Ω,F) is a measurable space. Let X : Ω → R be such that for every
rational q ∈ Q, we have

{w ∈ Ω : X(w) < q} ∈ F .

Then X is measurable. [4]

(b) Let X, Y, Z : (Ω,F ,P)→ R be random variables. Suppose Y and Z have the same
distribution, i.e., Y d

= Z. Then X + Y
d
= X + Z. [4]

(c) Let µ be any Borel probability measure on R2. Then for every ε > 0, there exists
a compact set Kε ⊂ R2 such that P(Kε) ≥ 1− ε. [4]

2. Let (Xn)n∈N be a sequence of random variables on a probability space (Ω,F ,P) such
that

P(Xn = x) =


1
2n
, if x = 1,

1
4n
, if x = 2,

1− 1
4n
− 1

2n
, if x = 3.

Let µn be the distribution of Xn, i.e., µn = P ◦X−1n .

(a) Find measurable Tn : ([0, 1],B[0, 1], λ) → R such that Tn
d
= Xn. Here λ is the

Lebesgue measure on [0, 1]. [3]

(b) Prove that there is a probability measure µ such that µn
d−→ µ, and find µ. [5]

(c) Let An = {Xn = 3}. Find P (lim supn→∞An) . [5]

3. Let X : (Ω,F ,P)→ [0,∞) be a non-negative random variable. Prove that [5]

E[X] <∞ if and only if
∞∑
k=1

P(X ≥ k) <∞.
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